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Problem 1.1 : Let 𝑓 = 𝑎0 + 𝑎1𝑥 + ⋯+ 𝑎𝑛𝑥𝑛 ∈ ℤ[𝑥] and 𝑟𝑠 ∈ ℚ be a zero of 𝑓 , with 𝑟, 𝑠 ∈ ℤ, (𝑟, 𝑠) = 1. Prove that 
𝑟 | 𝑎0 and 𝑠 | 𝑎𝑛.

Problem 1.2 : Let 𝑝 be a prime. Show that the polynomial 𝑥
𝑝−1
𝑥−1 = 𝑥𝑝−1 + 𝑥𝑝−2 +⋯+ 𝑥 + 1 ∈ ℚ[𝑥] is irreducible.

Problem 1.3 : Check the following polynomials for irreducibility in the respective polynomial ring:
(i) 𝑥2 + 1 ∈ 𝔽2[𝑥],

(ii) 𝑥2 + 𝑥 + 1 ∈ 𝔽2[𝑥],
(iii) 𝑥2 + 1 ∈ 𝔽3[𝑥],
(iv) 𝑥3 + 𝑥 + 1 ∈ 𝔽5[𝑥].

Problem 1.4 : Find all irreducible polynomials in 𝔽2[𝑥] of degree ≤ 4.

Problem 1.5 : Let 𝐹  be a field. Adapt Euclids proof of the infinity of prime numbers, to prove that there are infinitely 
many irreducible polynomials in 𝐹[𝑥].

Problem 1.6 : For each of the following complex numbers, show that it is algebraic over ℚ and compute its minimal 
polynomial over ℚ.

(i)
√
5,

(ii) 1 +
√
2,

(iii) √1+
√
5,

(iv)
√
2 +

√
3.

Problem 1.7 : Let 𝐾/𝐹  be a field extension. Prove that 𝐾 = 𝐹 ⇔ [𝐾 : 𝐹 ] = 1

Problem 1.8 : Let 𝐾/𝐹  be an extension of prime degree 𝑝. If 𝐹 ≤ 𝐿 ≤ 𝐾 show that either 𝐿 = 𝐹  or 𝐿 = 𝐾.

Problem 1.9 : Let 𝐾/𝐹  be an extension of odd degree. Show that for any 𝑎 ∈ 𝐾, 𝐹(𝑎) = 𝐹(𝑎2).
Hint: Note that 𝐹(𝑎2) ≤ 𝐹(𝑎). What can min(𝐹(𝑎2), 𝑎) be?

Problem 1.10 : Prove that ℚ(
√
5 +

√
7) = ℚ(

√
5,
√
7).

Hint: Compute (
√
5 +

√
7)

3
 and use it to show that 

√
5,
√
7 ∈ ℚ(

√
5 +

√
7).
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